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Let %(G) denote the point covering number of a graph G, let/30(G ) denote 
the point independence number of G. In 1959, Gallai [1] proved that, for any 
graph G having p points, %(G)+ fl0(G)= p. This paper contains several 
generalizations of Gallai's Theorem of the form %(P)+ ~o(P)= P, where 
%(P) and 3o(P) denote generalizations of %(G) and 3o(G) to a broad class of 
properties P which are called hereditary: A property P of a graph G is hereditary 
if, whenever G has property P and G' is a subgraph of G, then G' also has 
property P. 
Following the notation in [2], the point independence number of a graph 
G, ri0(G), is the maximum number of points in a set S such that no two 
points in S are adjacent in G. The point covering number, %(G), is the 
minimum number of points in a set S such that every line of G contains 
a point of S. Similarly, the line independence number il(G), is the maxi- 
mum number of  lines in a set T such that no two lines in T have a point 
in common, and the line covering number, ~I(G), is the minimum number 
of  lines in a set T such that every point of G is incident with a line of  T. 
We always write p for the number of  points o f  G. In 1959, Gallai [1] 
proved the following two results. 
THEOREM 1. For any graph G, %(G) + rio(G) = p. 
THEOREM 1'. For any graph G, Ctl(G ) -~- ill(G) = p. 
In this paper we obtain several generalizations of Theorem 1 which 
specify broad classes of properties P of a graph G, corresponding to 
which there exist parameters 0(P ) and rio(P) such that, for any graph G 
having p points, %(P) + rio(P) --- p. We also obtain results, relating to 
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Theorem 1', which specify a similar class of properties P of a graph G 
and corresponding parameters al(P ) and ri~(P) such that, for any graph G 
having q lines, -I(P) + ri~(P) ~- q. Any definitions not given here can be 
found in [2]. 
Let P denote any property of a' graph G; P is said to be hereditary if, 
whenever a graph G has property P and G' C G, then G' also has prop- 
erty P. A set of points S of a graph G is a P-set if (S) t has property P; 
ri0(P) will denote the maximum number of points in any P-set of G. A 
set of points S' of a graph is a P-set if every subgraph G' of G which does 
not have property P contains a point ofS';  a0(P) will denote the minimum 
number of points in any P-set of G. We are now ready to state our first 
theorem, the proof of which is "identical" to that given by Gallai for 
Theorem 1. 
THEOREM 2. For any hereditary property P of a graph G, 
~o(P) + rio(P) = p. 
Proof. Let S be a P-set of G containing rio(P) points. It follows that 
the set S = V -- S is a P-set of G. Suppose not, then let G' be a subgraph 
of G which does not have property P and which contains no point of $. 
Therefore, G' is a subgraph of (S). But, since <S) has property P and P 
is hereditary; G' must also have property P. Therefore, S is a P-set, and 
I S [ = p -- ri0(P) ~ %(P), i.e., ~0(P) + rio(P) ~ p. 
Conversely, let S' be a P-set containing %(P) points. It follows imme- 
diately that S' = V - -  S' is a P-set, for if (S'~ did not have property P
it would have to contain a point of S'. Thus, %(P) + rio(P) ~ p ,  com- 
pleting the proof. 
Examples of hereditary properties of graphs are numerous; we will 
present several, the first of which, together with Theorem 2, enables us 
to obtain Theorem 1 of Gallai as a corollary. 
Let P1 denote the property that a graph be totally disconnected, P2, 
the property that a graph be planar, P3, the property that a graph have 
chromatic numberless than re, P4, the property that a graph contain no 
cycles, Ps, the property that a graph has max deg < m; and P6, the 
property that the length of a longest path in the graph is less than m. 
For each of these hereditary properties, P~-  P6, a theorem corre- 
sponding to Theorem 2 can easily be constructed. For  example, given a 
graph G, let ri0(P0 denote the maximum number of points in a set S such 
that (S) is totally disconnected, i.e., (s~ contains no lines. This parameter, 
rio(P O, is by definition the point independence number io of G. Next, let 
1 (S>, the subgraph of G induced by S, is the maximal subgraph of G with point set S. 
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ao(P1) denote the minimum number of points in a set S such that every 
subgraph G' of G which is not totally disconnected, i.e., which contains 
at least one line, contains at least one point of S. This parameter, ~o(P~), 
can be seen to be equal to the point covering number ~0 of G, as defined 
earlier. Therefore, since the property P1 that a graph be totally discon- 
nected is hereditary, we obtain the classic result of GaUai, that c~ 0+ t0 = P. 
Given a graph G, let/30(P~) denote the maximum number of points in a 
set S such that (S)  is planar and let c~o(P~ ) denote the minimum number 
of points in a set S such that every non-planar subgraph G' of G contains 
at least one point of S. Since the property P2 is hereditary, it follows that 
~o(e~) + fl0(e~) = p. 
The property that a graph be a complete graph is not hereditary, since 
obviously not every subgraph of a complete graph need be complete. 
However, every induced subgraph of a complete graph is complete. This 
leads us to our next result. 
A set S of points of a graph G is an induced P-set if every induced 
subgraph G' of G which does not have property P contains a point of 
S; c~0'(P ) will denote the minimum number of points in any induced 
P-set of G. Clearly, every P-set is an induced P-set, but not conversely. 
A property P of a graph G is an induced hereditary property if, whenever 
G has property P and G' is an induced subgraph of G, then G' also has 
property P. We can now state our next theorem; since the proof is 
essentially identical to that given for Theorem 2, it is omitted. 
THEOREM 3. 
having p points, 
For any induced hereditary property P of a graph G 
~0'(P) +/~0(P) = p. 
A corresponding result about the property of being a complete graph 
is stated as follows. 
COROLLARY 3a. Let [3o(K ) denote the largest number of points in any 
set S such that (S> is a complete graph, and let ~o'(K) denote the minimum 
number of points in set S' such that every induced subgraph of G which is 
not complete contains a point orS'; then, for any graph G having p points, 
~o'(K) + to(K) = p. 
A third theorem in this same vein can be stated, and proved in the 
same way, which applies to a slightly different but much more intuitive 
class of parameters. Interestingly, the nature of these parameters i  such 
that the theorem applies to any arbitrary property P of a graph whatso- 
ever. A set of points S of a graph G is a P-minus et if G -- S = (V(G) -- S) 
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has property P; %(P) will denote the minimum number of points in any 
P-minus set of G. 
THEOREM 4. For any property P of a graph G having p points, 
%(P) + fio(P) = p. 
The following result is an immediate consequence of Theorems 2, 3, 
and 4. 
COROLLARY 4. For any hereditary property P of a graph G, i f  %(P), 
so'(P), and so(P ) denote, respectively, the minimum number of points in 
any P-set, induced P-set, and P-minus set, then %(P) = %'(P) = %(P). 
The author is indebted to Dennis Geller for suggesting that results 
similar to Theorems 2-4 can also be obtained for sets of lines of a graph 
G. Geller's modifications can be formulated as follows. 
A property P of a graph is line-hereditary if (i) P is hereditary, 
(ii) every totally disconnected graph has property P, and (iii) whenever G
has property P, any graph obtained from G by adding isolated points has 
property P. A set of lines T is a P-line set if (T )  2 has property P; fi~(P) 
will denote the maximum number of lines in any P-line set of G. A set of 
lines T' is a P-line set if every subgraph G' of G which does not have 
property P contains a line of T'; sx(P) will denote the minimum number 
of lines in any P-line set of G. We can now state and prove the line-form 
of Theorem 2. 
THEOREM 2'. For any line-hereditary property P of a graph G having 
q lines, s~(e) + 13~(P) = q. 
Proof. Let T be a P-line set containing fix(P) lines. It follows that 
T = E(G) -- T is a P-line set. For suppose not, then there exists a sub- 
graph G' of G which does not have property P and which contains no 
lines of T. Therefore, either G' is totally disconnected or G' is a subgraph 
of (T) ,  or G' is the union of a subgraph of (T )  and a set of isolated 
points. But this implies, in any case, that G' has property P, since P is 
line-hereditary and (T )  has property P. Thus T is a P-line set and hence 
I T[ = q -- ill(P) >/%(P), i.e., a~(P) + fil(P) ~ q. 
Conversely, let T be a P-line set containing cq(P) lines. It follows that 
T = E - -  T is a P-line set, for if (T )  did not have property P it would 
have to contain a line of T. Thus, s~(P)+ fix(P)>~ q, completing the 
proof. 
(T) is the maximal subgraph of G with line set T. 
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As an application ofthis result, consider the property P7 that a graph 
consists of a set of disjoint lines. We let ]31(P7) denote the maximum 
number of lines in any set T such that no two lines of T are adjacent, 
and let ~1(P7) denote the minimum number of lines in any set T' such that 
every subgraph G' of G which contains two adjacent lines contains at 
least one line of T'. We obtain the result that for any graph G having 
q lines, ~](PT)+ ]~1(P7)= q. Since ]~i(PT)= ]~1, the line independence 
number of a graph, we can by comparing this result with Theorem 1' of 
Gallai obtain the following result. 
THEOREM 5. For any graph G having p points and q lines, let ~1(P7) 
denote the minimum number of lines in a Set T' such that every subgraph 
G' of G which contains two adjacent lines contains a line of T', and let ~1 
denote the minimum number of lines in a set T such that every point of G 
is incident with at least one line o f  T; then cq(P7) - - od I = q - -  p. 
It can be observed that each of the hereditary properties mentioned 
earlier is also line-hereditary, and therefore similar equations can be 
written in which, instead of "p, points, %(P3, and /30(P3," one writes 
"q, lines, al(P~), and/31(Pi)," respectively. 
In like manner one can define an induced line-hereditary property, an 
induced P-line set, and a P-minus line set and obtain results analogous to 
Theorems 3 and 4. 
Two additional applications relate these ideas to two well-established 
parameters in graph theory, the line-connectivity A(G) and the point- 
connectivity K(G). Let ~a(G)(~(G)) denote the minimum number of lines 
(points) in a set S such that G-  S is disconnected. It is clear that 
~a(G) = ),(G) and ~(G)= K(G). Similarly, let /3a(G)(/~K(G)) denote the 
maximum number of lines (points) in a set E'(V') such that the subgraph 
(E ' ) ( (V ' ) )  is disconnected. Then from Theorem 4 and the analogous, 
though unstated, theorem for  sets of lines we can conclude that 
and 
COROLLARY 4a. For any graph G having p points and q lines, 
(i) A(G) 4- ]~A(G) =: q 
0i) ~(c) +/L (a )  = p. 
As a final note, it should be pointed out that these theorems have not 
been stated in their fullest generality; corresponding results can als 9 be 
stated and essentially identical proofs can be given for arbitrary relational 
systems. 
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